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The Bell polynomials, which known in name of Eric
Temple Bell, are widely used in combinatorial
mathematics to explore set partitions. The Bell
polynomials have a relation to Bell numbers and Stirling
numbers. They can also be found in a various
applications, like the Faa di Bruno formula. In this paper,
we define generalized Bell polynomials, and investigate
basic properties of these polynomials. We find Bell
polynomials for the Beltrami operator. Also, we obtain
explicit formulas for the powers of the Beltrami operator
and a generalized Beltrami operator. We introduce an
application of the obtained Bell polynomial for the
Beltrami operator, namely, a Beltrami- Faa di Bruno

formula is established. lllustrative examples are given.

1. Introduction

Bell polynomials with partial multivariate
introduced by E.T. Bell (Bell, 1934; Aboud et
al., 2017). However, the credit for their
name comes backs to the work of Riordan
(Riordan, 2014), who investigated the Faa' di
Bruno formula (Faa' di Bruno, 1855; Faa' di
Bruno, 1857) and discovered how to express
the higher order derivative of a composition
fog in terms of the derivatives of both f and
g-

Bell polynomials B, =B,(t;,t;, ..t,), n=
0,1,2, .., have so many uses in combinator-
ics, analysis, algebra, probability theory,
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and other fields. Just a few fundamental ex-
amples will suffice:

1) In probability theory, the n‘* moment of a
probability distribution is a full Bell poly-
nomial of the cumulants.

2) Lagrange inversion and Bell polynomials
are related. The Faa’ di Bruno formula leads
to this.

3) In various combinatorial formulae for the
Bell polynomials, Lah numbers, Stirling
numbers, and other combinatorial numbers
are involved.

The Faa' di Bruno formula and several relat-
ed combinatorial identities have been pre-
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sented in (Comtet, 2012). Many applications
and formulae of the Bell polynomials have

been introduced in the work of Mihoubi
(Mihoubi, 2008). In (Comtet, 2012)

Bn,k (tl, t, ..., tn—k+1)
n—-k+1 2

- 2 w6 ay
= Hnk+ip) ) - :

1<isn—k+1 = 4 =1

£;€{0JUN

Z?=_1k+1 Mi:n

Z?=—1k+1€i:k

The Faa' di Bruno formula can be described
in terms of the Bell polynomials of the sec-

ond kind B, y(ty,t, ..., th_k+1) by, see (Feng
etal., 2017)

dn
a0 fe9®

= Zf(")(g(t))Bn,; (9'®, ... g™ ®).
j=0

By (1.1) we can easily deduce that, for n >

j=0,

(1.2)

d d2 dn—j+1
Bn,j (1;0; ---:0) = Bn,j (E t;ﬁt, ,W t)

=(nej)=l0 n =)
“\n—j) 0, n=#j.

In (Feng et al., 2017; Feng et al., 2020a), it
was established that the second kind Bell
polynomials B, ;(ty, ty, ..., th_g+1) satisfy

B,;(t,1,0,..,0) = znl_,-’;' (nJ ])tzj no<j<n (14

where (8) =1,and (S) =0for 0 <r <s. Since

(1.3)

Bn-]'(aﬁtli aﬁztz, . aﬁn_j+1tn—j+1)

=alp"B,(tity wrtn_jp1), n=j=0, (1.5)

we can rewrite (1.4) as, see (Comtet, 2012)
d d2 dn—j+1
L2 o 2 o
Br.j (dtt a gt )
= B,,(2,2,0,...,0)
= sznj(t 1,0,...,0)

—:”(n ]>(2t)2/" (1.6)

for n>j > 0. Thus, combining (1.2) with
(1.6), helps in computing the higher order
derivative for functions of the type f(at? +
bt + ¢) see (Feng et al., 2020a), such as
et sin(t?), cos(t?),In(1 + t2),

In(1 + t?)%, arcsint, arccos t,arctan t.
In (Feng el al., 2019; Edition et al., 2019), the
following formulas are obtained

2 —
T !
0,(2j —

B2y (0,2!,.

2)!, 0) =0,
@Cn)!'m+j-1
(2]')!< 2j—1 )
Bynzj-1(11,0, ..., (2n — 1)1,0) =0,
Byn_12i-1(140, ..., (2n — 1)!,0)
_(@n—-D!'m+j-2
_(2]'—1)!< 2j—2 )
Byn_12i(1,0,..,0,2n — DN =0,
For simplicity, we denote

Bon-1;(0,21, ...,

Ban2i(1,0,...,(2n— 1)}, 0) =

A(n,j) = By <0, 21,0,4),...,(n—j
14 (-~
D—
+1) >
and
u(nj) = By (1,0,31,0,.., (n—j +1)! %)

Combining these results, the above claims
can be rewrite as
@nmt ("))
jr N =1/
A2n—1,j) =0,
2n)l r+ji—1
u(2n,2)) = %( 2 1)
u(2n,2j—1) =0,
(Zn—l)!<n+j—2>
Q-DI\2j-2)
u@n—1,25)=0.
In (Feng et al., 2020b) the authors surveyed
many formulae and applications of the poly-
B, i(ty,ty i tn_ji1), in  which
tn—j+1 Were replaced by some ele-

AQ@2n, j) =

un,2j—1) =

nomials
tirto v,
mentary functions. Here, we restate some of
these applications:

1) Exponential function. The n‘" derivative

for a function of the type f(e') like as +t1+1
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can be found by the Faa' di Bruno formula
(1.2). It needs to compute
Bnyj((eit)’, (ext)", ..., (eXt)(n-J+D)

= B, j(+ett, (£1)%ett, .., (£ D) ett )

= (£D)"e*B,;(1,1, .., 1).
In (Feng et al., 2020b), the following result is
listed

S(n,j) = By, ;(1,1,...,1),
where S(n, j) points to the second kind Stir-
ling numbers. Thus, we can easily obtain
etvt

1 (m) i
(ergr) =0, OISO gy

2) Logarithmic function. The n'"* derivative
of the composition f(In(t + 1)), for example

(e’ can be obtained by using identities

(1.2) and (1.5). Here, one needs to compute
B,;((In(1 + 6)]',[In(1 + ©)]", ..., [In(1 + )] =/*D)
(=) .
= mBn’j(O!, 1!, ey (n —])!).
In (Feng et al 2020b), the following result is
listed
Bp;j(0L1},...,(n = N = (D" s(n, ),
where s(n,j) denotes the first kind Stirling
numbers. Hence, we have
™ 1 zn: (=DVv!s(n,v)
1+ Invtt (1+41¢) °

v=0

[ln (11+ t)]

Further, we recall some facts on the Bell
polynomials. The recursion equation
(Schimming & Rida, 1996)

n
By=1, By, = Z (") Bustyer, =1 (17)

v=0

And the generating function of the Bell pol-
ynomials is, see (Feng et al., 2019)

me" = expzax" (1.8)
n=1 n=1
Bell polynomials B, = B,(t;,t5, ..., t,) can be

expressed explicitly as, see (Feng et al.,
2019; Feng et al., 2020a; Kaufmann, 1968;
Rida, 1996)

B, (t;,ty, ..., t,)

YRR ()

ljll=n

(1.9)

where j;>0,j,=>0,..,j,=0, jl=j!jl..j,!
and [[jll = jy + 2/, + -+ + njp.
Further, the bell polynomials can be de-
composed into its homogeneous parts as.
See (Schimming & Rida, 1996)

n

B, (t,ty, ., ty) =ZBn‘j(t1,t2,...,tn), (1.10)
j=1

with
B, j(ty, ty, .\ ty)

DEICRCEEE

(1.11)
[iT=k
lill=n

where j = (j, jo, - Jn), lil = j1 +Jj2 + -+ +jn, and
Il = ji + 2j, + - +nj, is called k-
homogeneous Bell polynomials, that is,

B (Aty, Aty, .., Aty) = A¥B  (ty, b5, s ty) . (1.12)

The d-homogenous polynomials B, , appear
in the iterated chain rule of Faa di Bruno
formula, see (Faa'di Bruno, 1855; Faa'di Bru-
no, 1857; Schimming & Rida, 1996; Kauf-
mann, 1968; Rida, 1996).
Furthermore, Bell polynomials help find ex-
plicit formulas for many differential opera-
tors and thus motivate to study of higher-
order differential equations. The Beltrami
operator is one of the well-known complex
differential operators, whose higher-order
boundary value problems have not received
adequate attention despite the importance
of these problems. Therefore, we are moti-
vated to find explicit formulas for the pow-
ers of Beltrami operators in terms of Bell
polynomials. Then, we use the results of this
study to solve boundary value problems for
higher-order differential operators includ-
ing powers of Beltrami operators as main
parts.

The manuscript is structured as follows. In
Section 2, we find the Bell polynomials for
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the Beltrami operator. In Section 3, we study
an explicit formula for powers of the Beltra-
mi and the powers of a generalized Beltrami
operator. An alternative induction proof for
this explicit formula is given Section 4. Sec-
tion 5 is devoted to introduce an application
of the Bell polynomial for the Beltrami oper-
ator. We establish a Beltrami- Faa di Bruno
formula. Illustrative examples are given. Fi-
nally, some concluding remarks are given.

2. The Bell polynomials for the Bel-
trami operator

The importance of the Beltrami operator fol-
lows from the fact that the theory of Beltrami
equations is related with various problems
in analysis and geometry. For more infor-
mation one can refer to (Bojarski, 1988;
Bojarski et al., 2013; Gutlyanskii et al., 2012;
Katz et al., 2018; Pastukhova, 2017). Next,
we establish the Bell polynomial for the Bel-
trami operator.

Theorem 1. Let | = pd, + qd, be the Beltrami
operator. For a function w = w(z) there
holds

e~@@new

= B (W, Wz, ..., Wyn, Wyn-14, ..., W5m), 2.1)
where B, is the Bell polynomial for the Bel-
trami operator.

Proof. Let B. = e ®@["e®@ We have to
show that B}, are the required Bell polyno-
mials. For n > 1 we have

B7l1+1 = e~ 0@ +1,0(2) — e—w(z)ln[l(ew(z))]

= e ¢@["[ew]

= e~ Z (7) L)+ [ev @]

— e—w(z) i (;{l) [(lk"'la))] (ln—kew(z))

k=0

— i (:) [(lk+1(1))] (e—wln—ke(u(z))

k=0

= () Bid@w)) 22)
k=0
formally, we set
Bl =1. (2.2")

This show that B, = e~ *®["e®® are the Bell
polynomials. This completes the proof.

The non-commutative sequence
Bl = e 9@["e®@ n =1,2,..
begins with
B =1, Bl =lw, B:=01Pw+ (lw)?
Bl = Bw+3lwlPw + 2wlPw + (lw)3,
Bl =l'w + 4lwlBw + 3 (lw)?. Pw + 3(1*w)?
+ 3w Pw + (lw)*.
For more explicit
Bf = pw; + qu,
B} = p*(w,)? + p?wzz + Pz, + 2pqu,w;
+2pqu,; + 49,0, + 4*(@,)* + ¢* w,,

Let us apply multi-index formalism in order
to present an explicit expression for the Bell
polynomials. We collect integers;j=>0,j, =
0,..,j, =0 to a multi-index j = (i,j,, . Jjn)s
and we set

JV =1t e Jnt il =j1+j2+ " +in,

Wil =Jjy + 2/ + -+ njp,
We have to start a technical result for formal
powers series

Lemma 1. (Rida, 1996) If a,,=1 for m =
1,2,-, then

[ O amnxm™y =) auer, (2.3)
m=1 n=0 n=0

where

AU = 1,An = aljl azjz amn ,n = 1, (24’)

Ijll=n
that means, the sum in (2.4) runs through all
non-negative integers j = (ji,j2,...,jn) such
that |ljll = ji + 2j + -+ + nj = 0.
Thus, we can define a sequence of Bell pol-
ynomials.
Definition 1. The sequence of Bell polyno-
mials

B, =1B, =B, <a)1,w2, ...,wn(n+3)>,n =1,2,..
2
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in the (finitely many) variables
W1, W3, ..., Wnm+3), is defined through a gen-
2

erating function
N Ba N
—_—yn — .
Zn!x —exp<zn!x>.
n=0 n=1

Consequentially, an explicit expression for
the Bell polynomial can be established.

Theorem 2. The n'" Bell polynomial is ex-
plicitly given by

By, =1,B, (wl,wz, ...,wn(n+3)>
2

fen
- SR G () =

llkll=n
BO = 1
Form = nnt3) ,m =1 then
Bm (wll wZI ---rwm)

] ||;<|Z=:mrl:_!!(%)k1 (%)kz (%)km

Proof. We apply the functional relation in
Lemma 1

n=0 m=1 m=1
-T] (z amxmn) =Y A
m=1 \n=0 n=0
where,
1 s\
=51 Gut)
Hence, withm = n(n;s)
Am = aljl azjz amjm
ljll=m
1 W, J1 W, J2 W Jm
=2 a1 G -G
ljll=m
1 w1 swyy 72 W\ Jm
=2 G G -G
ljll=m

Comparison of the coefficients of the powers
of z gives the result.

Now, we are going to establish the Bell
polynomial for the Beltrami operator. Let
w=¢@),u=1u(z7).The ["w foralln > 1
can be obtained in terms of the deriva-
tives of u, that are lu, %y, ..., ["u as follows.
lw=w;+quw, =¢'u; +qo'u, = ¢'. lu,
Pw=lw; + quw,] = d;[¢". lu] + qd,[¢’. lu]
= ¢" (lu)? + ¢'l?u,
Bw=¢" (w2 lu+ 2¢"(w). (1%w)
+ " Pu.lu+ ¢'Bu
= 9" () +3¢" W (*w) + 9",
Pw=q¢" . lu+3¢" (lu).(%uw)
+3¢" . Pu. lu 3¢" 1?u.l>u
+3¢" . Bu+ ¢" Bu.lu+¢' "y,
=" (lu)* + 3¢"" (lu). (1*w)
+3¢"" (lu)?. >u 3¢" (1?u)?
+4¢" lu. Bug' l*u.
Continuing this process, we obtain the fol-

lowing iterated chain rule
n

o= ) ¢@WWB,, (lu,uy,..,"u).
The following theorem gives an explicit
formula for B, (lu, [y, ..., ["u).

Theorem 3. There holds

n
_ Tl—l le—l nj_1_1>
Bn’j_ Z < n, >< n; )( n; x

ng,..nj=1

XM lM-1"Y @ ... W27 g P2
forn>j>2 and B, =1,B, = lw.

Proof. Let us rewrite (2.2) in the form

n-1
B,=l"w+ Z (n]— 1) B, [I"1w].
j1=1 !

Here we insert

B, =liw+ z (]1]: 1) B, [lV172w],

n-1 1
B,=1"w+ Z <n]— )ljla)l"‘jlw
1

j1=1



27 Abo El-magd, et al.

SVU-IUBS, VOL.2, NO. 1, (2025), 22-31

j1=1j2=1

Then,

n-1 "
B,=1"w+ Z (n - )ljlwl"‘jlw
y N1
Jj1=1
n-1 j1—1j2-1 . .
#2220
J2 J3
J1=1j2=1j3=
X Bj, [z T3] [V1 T2l 1]

After the k,;-step there are summation indi-
ces ji,ja, ..., jx such that

n>]1>]2> ">jk21,

then we get,

n-1 1
A o
. J1
J1=1
n-1 Jj1—1

2 2 (0

Jj1=1j2=1
n-1J1—1 Jjk-1—

DIIEDI 00

) 1120) l]l_]Zw ln_]lw + e
J1=1j2= Ji=1
l]ka) llk 1 Jka)

1))
Jk
n-1 Jj1—1 Jrk—1

#2020 )-05)

) Viwl™ o

"

J1=1 j2= Jr+1=1
X Bjk+1[lfk+1'fkw] [l i) (2.5),
The process stop at j = n — 1 where
jl =n- 1'j2 =n-—2 "'ljn—l =1,

and B; = pw; + quw, = lw .

The expression for B, appears properly de-
composed into its homogeneous parts B,
(Feng et al., 2019; Feng et al., 2020; Schim-
ming & Rida, 1996).

In the final result, we rename the summation

indices and let the formally run

through 1,2, ...,n. Actually, we have in (1.9)
n>j1>j>>j121,

Since for other values at least one binomial
coefficient vanishes. If j = 2 then we inter-
pretj, =n.

In case of noncommutativity, it makes a dif-

ference when we replace (2.2), (2.2) by
n

X . ny . .
By =1, Bpyq = Z (}) [l]+1w]Bn_]
j=0
Let us call the unique solutions
) (Un(n+3)) ) (Tl =0,1,2, )

2
the dual (noncommutative) Bell polynomi-

als. It is easy to see that

B, = B, <w1, Wy ..

By = Z B,*l‘k, (2.6)
k=1
with
c 1 1 1
x n— n; — Ng—1 —
Bow = Z < n, )( N3 >< ny )X
ng,.,NE=1

X V2 "2 @ L MR- Mew

3. Formulas of powers of a general-
ized Beltrami operator

3.1. An explicit formula for the powers of
a generalized Beltrami

In this section, we will consider a general-
ized Beltrami

L=pw;+quw, +u

i.e. L=1+u,u=u(z z) is differentiable func-
tion. Then,

L"f = Inf

n
+y [0 (™ (ulz . (L")
p=1 N, M1, Mp
ny+ng+--tnp=n-p
Letz, =™ (,ul"z(...(ulnp £)))- Then,
Nno
[™uz,| = Z (ZO) lklulno_klzl, l"o"ﬁz1
1
k1=0

= ["o7ka[IMpz,],

with z, = [" (,ul"3(... (ulm» f))).
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It p = const,

[Mo~k1y — [notni—ky Noy Mo+ 1y ++n, —ky ——k,_
n0+nf1k1 [MZZ] = (k(l))( 0 1 ;{)p ! b 1) X

_ Mo+ 1My =K1\ 1k, imotng—ky—k,

) Z (" e Z

no+ny—ky 1
- 2 2 (TRTY6)
K, J1
k=0 ;=0
x |K2 ul'1_]no+n1—k1—k2 |J-2_j1Z2' 3.1D
ln0+n1—k1—k2u2—j1Z2 = [Motnitna—ki—kay,2-j1 [an'uZS]

no+nq +ny—k;—ky
_ <n0+n1+n2—k1—k2 x
k
K3=0 3

X lk3 ulno +nq+ny;—k; -k, —ks Zs.

By substituting in (3.1), we get

lno—k121
no+ni—ky 1

1)<n0+n1—k1) Ky j1 12—
= . %271, J1
Z Z (]1 k, HoH

k2=0 j1=0

nog+nq+ny;—k;—Kk, 2—j;

(2 _j1)<n0 +n1 +n2 _kl _k2>
X E E .
)2 ky

k3=0 jz=0
X lk3 uln0+n1+n2—k1—kz—k3 HZ3
and hence,
If =1
ng ngtny—ky MotMitodnp—ki—c—Kpq g 2-j;  P=jimj2mUp-a
Mo
S TR TS 1 YD T
k1=0 k=0 kp=0 J1=0 j2=0 Jp=0

X

y (no T kp_l) G) (2 —jl) (p —j == =iy
ke, VAN VA Jp

X (Uap)(Pezpin) ... (1ke pie-1)

(ln0+n1+"'+np_k1_"'_kp—1Mp_jl_jz_"'_jp—l)f’
which can be written as

I"f = Inf

D)

kikak3,...kp=o 12, .Jp=0
k1Kot tkp=n—p ji+jp+-+jp=p

(1) () . (Fopdn-o)

X (ln0+n1+“'+np_k1_“'_kp—1 up_jl_jz_"'_jp—l)f’

NNy, Mp
k1 kz,kpj1=jz==Jp

where,

» (1) (2 —jl) (p —Ji—J2— _jp—l)
J B2 ) Jp '

3.2. Alternative formula for powers of a
generalized Beltrami operator

Theorem 4. The n'"- power (n > 2) of the
generalized Beltrami operator L is given as

n
n
=1+ Z (k) Bk,l[.“o»llp '"!.un]! (32)
k=1

where p, = ¥, with [ = pd; + qd, is the Bel-
trami operator.

Proof. The obvious product rule
Llw,w,] = [l + pllw, w,]
= l[wyw,] + nw w,
= l[w]w; + w;l[w,] + pwiw,
= [+ pl[w ], + o, l[w,]
= Llw,]w, + w;l[w,],
L*lwyw,] = L(L[w;w,])
= L[L[w;]w, + w,l[w,]]
= L(L[w;]w,) + L(w; l[w,])

= Lz[a’1]a’2 + 2L[w,; |l[w;] + wllz[wz].
2

=2 (2) 1wl 1w,

k=0

Generally, we have

n

PMwgwal = ) (o) o] "+ [w,].

k=0

(3.3)

Specializing here w; =1, w, = y, we obtain
the recursion

L = i (i) [L41] 17l

Thus, L"u is known for every n if I¥1 is
known for every k. Since u = L[1], then

(3.4)

n

ey =) () Bt ul,

k=0

101 =1.

(3.5)

(3.5
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Comparing (3.5),(3.5') with (2.2),(2.2"),
gives

Lk1 = Blff [,LL, l)u' R ln,u] = Bk [,U.O,,U.l, "".u-n]i

lk

H = 1.

4. Induction proof of Theorem 4

The basic results in Theorems 3 and 4 can
be proven by mathematical induction. To
avoid the monotony of repetition, we will
present the induction proof of Theorem 4.

For n=1, l!=L=1+u. This can be ex-

pressed as:

1
1
11 + Z (k) B{l,k} =1+ B{l,l} =1+ 1.u,
k=1

where By; ;3 = u. Thus L' =14+ u= 1" + By 4.
This means that the base case holds.

Now, for n = k assume that

Lk_ ln+z ( )B{k]}

For n = k + 1, L¥*! = L(L¥). Using the induc-
tive hypothesis, one gets

<lz ; ))

This can be rewritten as
k
L1 = L(1K) + L ( By (4.1)
20
Using the linearity of L, applying L to IX,
gives
L(1%) = 1(1%) + u(1%).
The term u(l¥) is simply, IX. While the
term 1(1¥) can be computed as follows:
1(5) = 0,(1) + q 0,(1).

Now consider the contribution from the sec-

ond term in (4.1)
k
2. (51

(5 )3

j=1

with LBg 3 = 1Bgjy + uBg -

Thus, collecting terms of (4.1), we have

L+t = 1(1%) + u(1¥) +Z ( )(IB{k]} + uBgy).

We can group the terms involving | to get

[k+1 — [k+1 +Z ( )1(B{k]})
k
+Z < )UB{k]} +ul

j=1

(4.2)
By the properties of Bell polynomials, we

recognize the contributions of 1(Byj;).-

We can express

j
J
1(Bgy) = Z <m> Bct1,m)
m=0

leading to the sum:

Z SICHE ZQ( () B

m=0 j=m
The combinatorial identity gives

S H)-(<1)

Finally, putting everything
Eq.(4.2) is of the form

k
k+1
Lk+1 — lk+1 + Z ( n )B{k+1,m}'

j=m

together,

That is, the induction hypothesis holds
for n = k + 1. Thus, we conclude that:

n
L =|n Z n
+2, ()

This completes the proof of Theorem 4.

By, n=1

5. Applications

Here, we introduce an application for the
Bell polynomial for the Beltrami operator. It
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generalizes the Faa' di Bruno formula. It is
diverse for the obtained formula to be
called a Beltrami- Faa' di Bruno formula.
Moreover, some illustrative examples are
given.

Let g=g(z7z) and f(z) be complex valued
functions. Apply I" to the composition func-
tion f o g, leads to the Beltrami- Faa' di Bruno
formula:

I"(fog(z2)

= Z f(j) (g(Z, Z))Bn,j (gz' gz: gzz' gzi' gii' )'

j=0

where
_dg _ _ 0g _d%g _ 9%
gz = E'gi _£ )82z _ﬁ 1827 = 920z’

aZ

and gzz = a_;.

Each term in the sum accounts for the con-
tributions from the derivatives of f evaluat-
ed at g and the corresponding Bell polyno-

mial of the derivatives of g.

5.1. Example 1

If g = e and f = ——, one can obtain
(z+1)

ZZ

S (—Dij!
P(tog) = Y o

_ 72 aZZ
L (e + 1) e
]:

By (ze?, ze??
+ zZe%,z%e%2, ...)

with

By, (Ze?%,ze??,7%e%%, e*% + zZe%%, z%e%%,...)

n ]

n! K;
_— X.
1

TR I l

Ky +kp+-+kp=n i=1

= elZz

where
— 5 — — 52 — = = 72 ...
X1 =Z Xy =2, X3=12° X4=1+4+17Z x5 =12°,

5.2. Example 2 An expression for 1*(fo
g) where f(z)=§ and g(z) =In(z+1) using

Bell polynomials can be calculated as

I (f o g(z))

N -1 1 1
B Z <(_1)] (In(z + 1))i> B, <z +1 (z+ 1% )

i=0
with

B ( 1 1 1 )
Miz+1 @Z+1)? (z+1)3
n! (_1)k2+k3+'--+kj

kl! k2| k]' (Z + 1)k1+2k2+3k3+'--+jkj

ky+kp+-+kj=n

Conclusion

In this study, we have introduced general-
ized Bell polynomials and investigated basic
properties of these polynomials. We have
obtained Bell polynomials for the Beltrami
operator. Also, we got explicit formulas for
the powers of the Beltrami operator and a
generalized Beltrami operator. We intro-
duced an application of the obtained Bell
polynomial for the Beltrami operator, name-
ly, a Beltrami- Faa di Bruno formula had
been established. Illustrative examples
were given. Further, the obtained explicit
formulas for the powers of the Beltrami op-
erator and generalized Beltrami operators
can help in tackling new application in the
conformal mapping theory and boundary
value problem for elliptic complex differen-
tial operators of higher order involving Bel-
trami and generalized Beltrami operators of
higher orders. That we are going to do in
future work.
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